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The angular distribution in beta decay is usually expressed in terms of the 
beta particle energy and the angle between the directions of emission of the electron 
and the neutrino. In the present paper, this distribution is transformed into the 
distribution function for any two of the observable variables, viz. the beta energy, 
the recoil energy, and the angle between the direction of emission of the recoil 
and the electron.

Introduction.
In beta transitions, the angular correlation is commonly ex

pressed in terms of the beta particle energy, E, and the angle, 0, 
between the directions of the momentum of the electron, p, and 
that of the neutrino, q.

For allowed transitions, A J —

given by the probability distribution for E and

J (no), this correlation is

P (E, 0) dE (IQq

= F (Z, E) pEq2 [1 4- (b/E) + (ap/E) cos 0] dE d&0,

where di2g is a solid angle interval around 0; F (Z, E) is the 
Coulomb correction as a function of E and the charge Z of the
recoil, and

ô = 2 |/f^(uzy 9 s 9v S1 2 + 9t9a |R
(ds + .9 v) S‘ 2+(ST+rá)i$¿r (2)

where « is the tine structure constant, and the g's are the relative 
coupling constants for scalar (S), vector (V), tensor (T), and 
axial vector (A) couplings, respectively. Furthermore, | 1 |2 is 
the square of the nuclear matrix element for the Fermi interact
ions, and I |2 is the corresponding square for the Gainow- 
Teller interactions. Finally,
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The units are as usual in beta decay: = 1, c = 1, and in = 1. 
The pseudoscalar interaction has been omitted, since it con
tributes to allowed transitions only with higher order terms .

The expression (1) is mathematically convenient, since E and 
0 may vary independently in the intervals i <E< Eo and 0 < 0 < , 
respectively, and since E and 0 completely determine the momen
tum triangle (apart from orientation in space4)). Ibis is a result 
of the fact that the neutrino rest mass has been equated to zero, 
as can be seen from the conservation of energy and momentum, 
which shows that E, 0 determines one and only one value ol q.

Physically, however, (1) is less convenient because it refers 
to the neutrino which, at the present time, cannot be observed 
in angular correlation experiments. The transformation oí the 
angular correlation (1) into distribution functions for any two ol the 
three measurable quantities p, <p, and r, where r is the recoil 
momentum and q> the angle between the directions of r and p, 
is straightforward. In the present paper, it is the intention to 
give the three distribution functions corresponding to (1) for the 
three pairs of variables (E, r), (E, 99), and (r, 99) for reference use.

'Fhe essential questions which arise are, firstly, inside which 
area can the variables so chosen vary and, secondly, do the 
variables determine the momentum triangle completely so that 
the transformation establishes a one to one correspondence 
between the old and the new variables.

The (E, r) Distribution.
For the transformation of (1), the guiding relations are the 

conservation laws of energy and momentum given by

E + Q = Eq, (4)

p2 + q2 + 2 pq cos 0 = r2, (* r>)

which are valid when the recoil mass is considered infinite. 
By differentiation of 0 with respect to r, (5) gives

I sin 6d0 \ = 2dV0 = -- dr. (6)



Nr. 9 5

However, in the case of the (E, r) distribution, one has to 
remember that E and r cannot vary independently inside the 
intervals 0 < r < p0, 1 < E < Eo with

ft = •

We find from (5), for a fixed value of r,

E —>
Fig. 1. Permitted area in the (E, r) plane for Eo = 8. In the diagram, curves are 

drawn for constant values of ip referring to relation (10).

(Eo - r)2+ \<F< (^o + OH 1
2(E0 —r) “ - 2(E0+r) (8)

or, correspondingly, for a fixed value of E,

P — <1 I < r < I p + q I, (9)

where p = |E2—1 and q is given by (4). Relations (8) and (9) 
are illustrated in Fig. 1 for a definite numerical example.

On the other hand, given values of E and r inside the per
mitted area determined by (8) and (9) give one and only one 
value for the angle (p inside the interval 0 < ç?< This follows
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from the conservation of momentum, written in terms of E, r
and (p,

(10)

Relation (10) is also illustrated in Fig. 1. Two trivial excep-

f ---- *
Fig. 2. (£,r) distribution for Eo = 8, Z = 0, and pure tensor interaction.

tions to the unique determination of exist, namely, alj <p values
meet in the two points

(E. r) (H)

corresponding to p = (/, and

(E,r) = (O,Eo-l), (12)

corresponding to r = çmax = Eo — 1. The limiting curves 
r = p — q, (p> q) and r = q + p correspond to <p = n, and 
the limiting curve r — q — p,(p<q) corresponds to ç? = 0.

The transformation from (1) to the(E, r) distribution can thus 
be carried out immediately, and one finds

P(E, r) dEdr

rEq + brq + r ~ (r2 — p2 — q2) dE dr.
(13)
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Phis distribution function is illustrated in Fig. 2 for pure tensor 
interaction and Z = 0, and in Fig. 3 for pure axial vector in- 
teiaction and Z = 0, in both cases for the same numerical 
example as chosen in Fig. 1.

In Figs. 2 and 3, and from formula (13), one sees that the 
(F, r) distribution is extremely simple, except for the complicated 
cut-oil introduced by (8) or (9). For fixed values of r, the E 
distributions are parabolic and symmetric around q = E — Eo/2,

big. 3. (E,r) distribution for Eo — 8, Z = 0, and pure axial vector interaction.

apart from the Coulomb correction. For fixed values of E, the r 
distributions are polynomials of the 3rd order in r, the entire 
expiession consisting of r multiplied into a parabolic expression 
in r. The energy distribution for the kinetic energy R of the 
recoil is thus even simpler; we can write

and get
B = r2/(2 M)

P(E, R)dEdR

(14)

(15)

For fixed R values, this equation shows the same general shapes of 
the /^-energy distribution as (13) and give, for fixed E values, a 
linear dependence on R.
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The (E, (p) Distribution5).
While the (E, 0) distribution and, in some respects, the (E, r) 

distribution are very simple, this is not the case for the (E, (p) 
and (r, <p) distributions. This fact is of course entirely due to 
the conservation laws and is apparent from (10) and the corre
sponding curves for constant (p values in Fig. 1. It is immediately

Fig. 4. Momentum triangle for Eo — 8, E = 5, and 7 = 3. For a given value 
of 7?, two solutions of r are obtained, viz., / and r'.

only permits

E^ T 1 hseen that, when p > q, i. e., E > '° , and ^<(p<n, given
2 2

values of E and (p lead to two solutions for r. This finds of course 
also a simple geometrical interpretation, as illustrated by the 
momentum triangle shown in Fig. 4. ^,2 ,

It is also evident that a given value of E > —
<p to vary between <p' where

sin cp' — q/p, (16)

or, correspondingly, that a given value of Perm^s as an
interval for E

1 <E< (17)

We have written down also the limiting value for (p
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formulas (16) and (17) constitute the limiting curves in the E, (p 
plane. These are illustrated in our specific numerical example 
in Fig. 5.

The description by our two variables is in this case not 
complete, as already mentioned. Curves for constant values of

Fig. 5. Permitted area in the (E,cp) plane for Eo — 8 and curves for constant r values.

 r = 7.5
------------------ r = 7
- • - • - • r = 3.

r intersect in the area as illustrated

in Fig. 5. For r < Eo— 1, they extend from (p = 0 to (p = n,

for r — Eo — 1 , fithey extend whereas

for r> Eo— 1, the curves begin at cp = n and end al cp = n 
again.

When performing the transformation from (13) to the (F, 9?) 
distribution, we clearly have to distinguish between the two cases 
p > q and p < 7.

A: p<q. We lind

r p cos (p + [ q2 —p2 sin2 (p (IS a)



10 Nr. 9

and, correspondingly, by differentiation with respect to (p,

p cos (p (19a)= 2p 1

Consequently, we find the (E, (p) distribution given by

(20 a)

where 0 < (p < n.

(18 b)

and, correspondingly, by differentiation,

p cos (p
(19 b)

of

(20 b)

(20 c)

(20 d)

for 0 < 99 < they give P (<p) — 0.

where <p' <<p < n. An experimental cut-oil of low velocity recoils 
would affect the two terms in (20b) differently. This is the reason 
why this intermediate formula is given.

In the limit of p = 7, both (20a) and (20b) give the following 

expression for < 9? < 71 :¿i

P (cp) dQy — 4 p3F| cos (p J {(E + ft) + ap cos 2 (p} dQ^ ;

The (E, (p) distribution adds up of two parts, one from each 
the solutions to (18b), i. e.,

P(E,y) dEdQy = (20, a) + [pF(Z, E) (|/72 — p2 sin299 + p COS99)2 

(q(E + ft) — ap [psin8 99 — cos 99 |/q2 — p2 sin2 <p)}l]/q2 — p2 sin2 99] dEdQ^

P(E, y) dEdQy = [pF(Z, E) (j/72—p2 sin2 99—pcosç?)2 {q (E + ft) 

— ap (p sin29?+ cos99 |/g2 — p2 sin2 q))} I q2— p2 sin2 99] dEdPi^,

dr 
d^

dr
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The distribution functions (20) are illustrated in Figs. 6 
for fixed values of E. For p < q, the curves are quite regular 
and extend from qp = 0 to (p = n. As p~+q, the probability

7Kfor (p < - becomes smaller and smaller relative to the probability¿4

Fig. 6. Relative angular correlations for tensor and axial vector interactions per 
unit solid angle interval for Eo = 8, Z = 0.

— • — • — • E = 2.79 p/q = 0.5 
--------------------- E = 4.063 p = q 
---------------------  E = 5.

for <p> - until, for p = q, the probability for <p < - is zero and 

the distribution then extends in a regular manner from qp = - 

to qp = n. For p>q, the curves have an integrable singularity 
at cp — qp' and extend from g? — 9/ to ç? = tt. For p = p0, one 
sees that qp = n, and it should be noted that the limiting value 
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for p — Pq, (p = n, is undetermined from formula (20). For 
values of p/q < 1 , the curves for T and A interaction intersect at 
tg 9?" = — q/p; for p/q — x < 1 , the curves for 7'and A interaction

7Tintersect at 99" > -, given by x2 = 1 + 3 cos 2 99" 
(1+2 cos 2 99") (1 — cos 2 99") ’

Fig. 7. Beta energy distribution for tp = n and Eo = 8, Z — 0, b = a — 0. 
The curves are normalized per unit interval di) — Q

---------------------  infinitely good geometry 
--------------------- Q = 1/100

• — • — • Í2 = 1/40
£ = 1/20.

This means that for small values of 99 the A interaction gives a 
larger probability than the 7’interaction ; the opposite is the case 
for large values of 99; the cross-over is at 99 = 99".

Similar considerations apply to the E distributions for fixed 
values of 99. Let us consider a special case, viz. 99 = 71. A numerical 
example is shown in Fig. 7. This curve, however, calls only for 
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physical interest if infinitely good geometry can be obtained. If 
the instrument permits only a certain resolution as regards the 
angle, the spectrum (20) has to be integrated over this angular 
interval. Let us consider an idealized geometry with reception 
of all particles for <p*  < y < n and of no particles outside this 

interval. Let, furthermore, the solid angle be £? = - (1 + cos 99*).

* The author is indebted to Drs. Bustad and Ruby for sending their un
published experimental data.

It then follows that the energy distribution is simply the total 
beta spectrum from E — Eo down to E' given by (17) with 
99 = 99*.  At this point, the curve shows a peak and leaves the 
beta spectrum, approaching at low energies the spectrum for 
infinitely good geometry for 99 — n. Examples of such curves 
for different values of ß are also shown in Fig. 7. The peak 
values lie on the dotted curve which, for £?—>(), approaches the 
double of the continuous extension of the 12 = 0 curve. This 
value may be used to define the P(E0,ri) value which is un
determined from (20). For comparison with actual experiments6*̂,  
one has to rely on calculated or measured angular resolution 
curves which, of course, diller from the simple assumptions made 
here. It is also necessary to average over the energy resolution 
for both recoil and beta energy. It should be noted that a misinter
pretation of these resolution curves easily may falsify the picture.

The (r, 97) Distribution.
When r and 99 are taken as variables, the possible inter

section of p and (] in the momentum triangle lies on an ellipse, 
as illustrated in Fig. 8. This figure shows the limiting case of 
r = Eq—1, where the ellipse goes through the endpoint of r,

and where angles are permitted. When r> Eq— 1,

the ellipse cuts the vector r, giving two solutions of E for each 
value of 99. For r<.Eñ—1, the vector ? is entirely surrounded 
by the ellipse, thus giving only one solution for E for each value 
of 99. We clearly have to make a distinction between these two 
cases.
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The limiting area in the (r, 7?) plane is given by

where

0 < 99 < jr 

y+ < y < n

for

for
r < Eo — 1,

r < Eo— 1,
j (21)

sin y+ £02-l-r2
2r (22)

Equations (21) and (22) lead, in our case, to the picture

Fig. 8. Momentum triangle for r — Eo — 1 = 7.

shown in Fig. 9. The figure also shows curves for constant values 
of E and illustrates the existence of two solutions to E for given 

values of y> - and r> Eo + 1.

For the (E, r) and the (E, ç?) distributions, the Coulomb correction 
enters quite naturally, since it is expressed as a function of E; 
this will not be the case when the variables are r and y. In this 
case, it is therefore natural to write down the distribution function 
implicitly as a function of r and y through expressions for 
E = E (r, y). We distinguish between the two cases

A : r < Eo — 1. We then find

E = Eo (E2 + 1 — r2) — r cos y |/(E2 — 1 — r2)2 — 4 r2 sin2 y 
2 (Eq — r2 cos2 y) (23 a)

and, correspondingly, 
implicitly of (10),

by differentiation directly of (23 a) or

dE _ 2p2 r
dQy Eo p 4- Er cos y

________  4p2r______  
|/ (E2 — 1 — r2)2 — 4 r2 sin2 y

(24a)
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which, inserted in (13), gives the (r, </>) distribution

P (r, cp) dr d Í)

= F(Z.E) [rEq + brq + ^r(r*-p>- </’)] ß *dßr
(25a)

$° ---- *
Fig. 9. Limiting area in the (r,g?) plane for Eo = 8. Curves for constant values of 

E are given.
— . — • — - E = 2.77

E = (E* o + l)/(2 £0)
--------------------- E = 5.

B: r > Eo—1. We then find

Ei I = Eo (£o + 1 - r2) T r cos y |/(/^ - 1 - ra)2 -4 r* sin8 y 
E2 J 2 (E2 — r2 cos8 <p)

and, by differentiation,

dE 2p2r
Eop+ Er cos <p

4 p2r
|/(E^ l^P)^ 4 r2 sinÇ ’

(24 b)

Consequently, one obtains for the (r, <p) distribution
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P(r, (p)dr d Qfp r£i7i + brqx + y-(r2_ p2 — (fi)

+ F(Z,E2) rE2(l2 + brq2 + " r (r2—pj — (fi)

2 rdrdQy 
|/(¿'o — 1 — r2)2 — 4 r2 sin2 99

(25 b)

The discussion of these functions (25) is very similar to that 
of (20). For r < Eo — 1, the curves are regular and, for r> Eo— 1, 
an integrable singularity appears at 99 = 991. The two distribution 
functions (25) both lead, in the limiting case r = Eo— 1 , to the 
expression

Ptødfy = F(Z,E3)

E3q3 + bq3 + ~ 1 (Eo_ 1 )2 _p2 _ q2 j P^E° p
2 I J j cos 991

(25 c)

with
j (23 c)

0.

The total r distribution can be obtained from (13) by an 
integration over E between the limits (8). In the Z = 0, 5 = 0 
approximation, the result has been given previously7). The total 9? 
distribution can be found by integration of (20) or (25). This 
integration leads to very complicated integrals. Numerical cal
culations have been carried out for the neutron decay5)’8).*

The Influence of the Recoil.
It seems of some interest to study the effects which occur 

when the kinetic energy of the recoil is not neglected in the con
servation of energy (4). We then find

Eo = E 4- q + r2/2 , (26 a)

where is the recoil mass. If we include the rest mass in the 
recoil energy íR, we get the relativistic expression

* After the conclusion of this paper, the author has received an article by 
M. E. Rose (O.R.N.L. 1591, 1953) which deals with methods of calculation for the 
total distribution in certain limits.
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M — E + Si + q — Ex + E2 + E3, (26 b)

where M is the mass of the mother nucleus.
Here, it should be kept in mind that the phase space factor

rEq dE dr = EiE2E3 dE± dE2 (27)

in (13) has the exact relativistic form when E3 is inserted from 
(26 b)9) and the limiting curves in the (7i\, E2) plane are taken from 
formula (6) of reference 9. This formula leads to (8) and (9) 
apart from terms of the order of Eo/M.

The angular distributions must therefore be divided into this 
phase space factor and the matrix clement factor, and the effect 
of the neglect of the recoil in (26 a) has to be considered separately 
for these two factors and for the transformations (19) and (24). 
The effect on the two first factors is the same as for allowed 
beta spectra, and only the effect on the transformations need to 
be considered here. Let us consider a transition in which the 
mother nucleus of mass iff disintegrates into three particles of 
mass m2, and in3 = 0. We have then to distinguish be
tween two cases as follows.

A: (M— m2)2+
1 2 (iff-mJ ’

Here, the angle 012 between the momenta p1 and p2 may vary 
independently between the limits 0<012<jt.

B: (iff—m2)2 + m?
1 2 (iff-mJ ’

In this case, we have O'V2<O12<7t, where O'i2 is given by 

iff(E™ax-Ej % .
sin012 =------ 1----------- ; (28)

When terms of the order of Eo/M are neglected, (28) leads to 
(16) and (22).

In case A, we find the upper sign and, in case B, both signs in

P‘2 =

pt cos 9„ [Af (£^X-E,)+m¡j ±(Af-g,) |/aC (Æ"ax-Æ,)2- m2 p*  sin29,2 
[(Af — Ej)2—pf cos20,2]

Dan.Mat.B’ys.Medd. 28, no. 9.

(29)

2
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and

(M-£,) [M(g7« - g,) + Tp, cos p*  sin2 9U•  

[(AZ —g,)2—p2 cos?0,2]

(29) and (30) correspond to (18) and (23) in the usual limit. 
By squaring E2 and p2, and subtracting, it is easily seen that 
the result is provided the signs are kept in the order given 
in (29) and (30).

Formula (10) is also valid relativistically and may now be 
written in the form

2 pxp2 cos 012 = pl — p\ — pl (31)

which, by differentiation, leads to

dPi = _______ %PiP2 ___
dQOit (M—Ej)p24-E2pi cos012

(32) 
2p,päg.

± [/AZ2 (g[“x - g,)2 - ml pl sin2 912

which shows the same general features as (19) and (24) and 
leads to singularities in the (£\ » ^12) distributions when (28) is 
fulfilled. Formula (19) is obtained from (32) in the limit 
m2 = E2 — M, and (24) is obtained from (32) directly by 
inserting 2 MEX = r2, i. e. in the limit inx = M. The effect of 
the recoil is therefore a small shift in the position of the singu
larities and then, if this shift is neglected, i. e., if (20) or (25) 
is compared with the true distribution function for fixed values 
of the square roots in (19), (24), and (32), the changes are of 
the order of magnitude Eo/M, only.

The author is indebted to Professor Niels Bonn and to the 
Ole Römer Foundation for financial support.

(30)

Institute for Theoretical Physics, 
University of Copenhagen, 

Denmark.
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